The Peccei-Quinn mechanism suffers from the problem of the isocurvature perturbations. The isocurvature perturbations are suppressed if the Peccei-Quinn breaking scale is large during inflation. The oscillation of the Peccei-Quinn breaking field after inflation, however, leads to the formation of domain walls due to the parametric resonance effect. In this paper, we discuss the evolution of the Peccei-Quinn breaking field after inflation in detail, and propose a model where the parametric resonance is ineffective and hence domain walls are not formed. We also discuss consistency of our model with supersymmetric theory.
Introduction
The Peccei-Quinn (PQ) mechanism [1] is a compelling solution to the strong CP problem [2, 3, 4] . The mechanism not only solves the strong CP problem, but also predicts a Nambu-Goldstone boson associated with the spontaneous breaking of the PQ symmetry [5, 6] , axion, which is a good candidate of dark matter [7, 8, 9] .
The PQ mechanism, however, brings about cosmological problems. If the PQ symmetry is restored during inflation, the breaking of the PQ symmetry after inflation leads to formation of domain walls [10] . Unless the domain wall number is unity, the domain walls are stable and hence eventually dominate the energy density of the universe. If the PQ symmetry is broken during inflation, on the other hand, the quantum fluctuations of the axion induce the isocurvature perturbations of cold dark matter [11, 12, 13, 14, 15] , which is strictly constrained by observations of the cosmic microwave background (CMB) [16] . This is called the isocurvature perturbation problem. To evade the constraint, the Hubble scale during inflation must be smaller than about 10 7 GeV (see Sec. 2) . This strict bound is incompatible with many inflation models including chaotic inflation [17] , which is the simplest inflation model without the initial condition problem and predicts a large Hubble scale during inflation, H inf ∼ several × 10 13 GeV.
As was first pointed in [15] (see also [18, 19, 20, 21] ), the isocurvature perturbations are suppressed if the PQ breaking scale is large during inflation. Due to the large PQ breaking scale, the fluctuations of the misalignment angle are suppressed and hence the axion density perturbations are also suppressed. 1 For this suppression mechanism to work, the large expectation value of the PQ breaking field should decrease to the present value after inflation. However, the relaxation of the PQ breaking scale may lead to the restoration of the PQ symmetry in the following way. After inflation, the PQ breaking field oscillates around the origin, which produces large fluctuations of the PQ breaking field through the parametric resonance effect [25] . The large fluctuations lead to the restoration of the PQ symmetry and hence the formation of domain walls [26, 27, 28, 29, 30] . To prevent the formation of domain walls, the PQ breaking scale during inflation cannot be arbitrary large. The recent study with lattice simulations [30] shows that the upper bound on the Hubble scale from the isocurvature perturbations is raised to at most 10 12 GeV when the axion is the dominant component of dark matter.
In this paper, we discuss the evolution of the PQ breaking field after inflation in detail, and propose a model where the parametric resonance is ineffective and hence domain walls are not formed. Thus, the model allows for both axion dark matter and inflation models with large Hubble scale. We also discuss consistency of our model with supersymmetric theory. This paper is organized as follows. In Sec. 2, we review the isocurvature perturbation problem of the PQ mechanism and suppression of isocurvature perturbations by a large PQ breaking scale during inflation. In Sec. 3, we discuss the evolution of the PQ breaking field and restoration of PQ symmetry after inflation. We propose a model of the PQ symmetry breaking without the restoration of the PQ symmetry. The final section is devoted to summary and discussion.
2 Isocurvature perturbation problem and a large PQ breaking scale
In this section, we review the problem of isocurvature perturbations in the PQ mechanism and suppression of their amplitude by a large scale of the PQ breaking during inflation.
QCD axion as a dark matter candidate
The axion a is the Nambu-Goldstone boson associated with the spontaneous breaking of the PQ symmetry [1, 5, 6] . It is assumed that the PQ symmetry has anomaly of QCD. Then the axion obtains its potential by non-perturbative QCD dynamics,
where m π , f φ and f a are the mass of the pion, the pion decay constant, and the axion decay constant. Here, we have shifted the axion so that its vacuum expectation value (VEV) is zero. In this paper, we assume that the PQ symmetry is spontaneously broken during inflation to avoid the domain wall problem. Then in the early universe, the axion in general has a non-zero field value a i . After inflation, around a temperature of the QCD scale, the axion begins to oscillate and behaves as cold dark matter. The present density of the axion is given by [31] 
The axion fluctuations are independent of those of the inflaton field in the flat time slice. Thus, the fluctuations of the axion result in un-correlated isocurvature perturbations of cold dark matter [11, 12, 13, 14, 15] . The power spectrum of the isocurvature perturbations is given by
where Ω c is the density parameter of cold dark matter. Uncorrelated isocurvature perturbations of cold dark matter are constrained as α c ≡ P Sc /(P ζ + P Sc ) < 0.033, where P ζ 2 × 10 −9 is the power spectrum of the curvature perturbations [16] . In Figure 1 , we show the bound on the axion decay constant f a and the Hubble scale during inflation H inf for θ i = 1, 0.1 and 0.01. Shaded regions are excluded by the constraint from the isocurvature perturbations or too large cosmic density of the axion. We do not show the parameter region with f a < 10 9 GeV because astrophysical constraints exlude that region. The Hubble scale during inflation must be smaller than about 10 7 GeV for θ i = O(1), which severely constrains inflation models. For example, the simplest inflation model without the initial condition problem, namely chaotic inflation [17] , predicts a large Hubble scale H inf ∼ several × 10 13 GeV. Log 10 (f a /GeV) 
Large PQ breaking field value during inflation
The isocurvature perturbations can be suppressed if the PQ breaking scale is larger than the present one during inflation [15] . Suppose that the PQ breaking field P takes a large field value P inf during inflation, which we take to be real by a PQ rotation. The large field value is explained by a negative Hubble induced mass of the PQ breaking field during inflation. Then the decay constant of the axion during inflation f inf is given by
where N DW is the domain wall number of the axion model. Then the fluctuation of the initial misalignment angle is written as
which leads to the power spectrum of the isocurvature perturbations as
In Figure 2 , we show the bound on the axion decay constant f a and the initial misalignment angle θ i for N DW = 6 (DFSZ model [37, 38] ), H inf = 5 × 10 13 GeV (tensor-to-scalar ratio r 0.04) and P inf = M Pl as well as 2M Pl . Even if the Hubble scale during inflation is such large, for f a ∼ 10 11 GeV and θ i = O(1), the axion can be a sizable component of dark matter while the bound from the isocurvature perturbations is avoided. It should be remarked that the Hubble scale during inflation can be determined by measuring the tensor-to-scalar ratio r, whose present bound is r 0.1 [16] . Future ground based experiments can detect r 0.003 [39] , which corresponds to H inf 10 13 GeV. Therefore, it is important to examine whether an axion model is consistent with high scale inflation with H inf 10 13 GeV.
Evolution of PQ breaking field
In the previous section, we have shown that the bound from the isocurvature perturbations is evaded if the field value of the PQ breaking field is large during inflation. In this section, we discuss the evolution of the PQ breaking field after inflation in detail. We show that the oscillation of the PQ breaking field driven by a quartic potential leads to the formation of domain walls. Then we propose a model where domain walls are not formed. We also discuss the embedding of the model to supersymmetric theory.
General discussion
Let us discuss the dynamics of the PQ breaking field analytically, following Ref. [40] . We assume the following potential of the PQ breaking field P and the inflaton φ, where V inf (φ) is the potential of the inflaton, and λ 2n as well as c H (> 0) are constants. 2 Here, we neglect the mass term of the PQ breaking field, which is important only when the field value of the PQ breaking field becomes sufficiently small. With this potential, the PQ breaking field obtains a large field value during inflation,
where H inf is the Hubble scale during inflation. After inflation, the inflaton begins oscillation around the origin. During the oscillatory phase, the PQ breaking field may also begin oscillation around the origin. The equation of motion of the radial direction of P , χ = |P |/ √ 2, is
where H is the Hubble scale. Here, we replace V inf (φ) with its time averaged value, 3H 2 /2, which is a good approximation as long as the mass of the inflaton is much larger than the Hubble scale.
It is convenient to use the number of e-folding N ≡ ln(R/R i ) as a time variable, where R is the scale factor and R i is its initial value when the inflaton starts oscillation. In the oscillatory phase of the inflaton, namely in a matter dominant universe, the equation of motion of χ is then given by
We further rewrite the equation of motion by ψ ≡ χexp(
where H i is the Hubble scale when the inflaton starts oscillation. Finally, we normalize the field ψ so that the initial value of the normalized field is of O(1),
Note that all coefficients in Eq. (13) is N -independent. The equation of motion of ρ is nothing but that of a particle with a potential
whose minimum is at
The initial value of ρ, ρ i , when the inflaton starts oscillation is expected be of O(1). Its definite value, however, depends on the dynamics of the inflaton between the inflationary phase and the oscillatory phase. For n = 2, the friction term has a wrong sign, and hence the field value of ρ grows and eventually starts oscillation around the origin. We will cross-check this conclusion numerically later. Due to the oscillation, the parametric resonance effect grows the fluctuations of the PQ breaking field exponentially in time [25] . The PQ field with large initial field value oscillates for a long time until it settles down to the minimum of the potential. Thus, the oscillation produces large fluctuations, which eventually leads to the restoration of the PQ symmetry and hence the formation of domain walls [26, 27, 28, 29, 30] .
For n = 3, the friction term is absent and hence ρ oscillates continuously without attenuation. The potential of ρ is depicted in Figure 3 . If ρ i is within the range |ρ i | < ρ 1 ≡ [(27/8)c In both cases, the PQ breaking field oscillation might produce fluctuations. 3 So let us consider the evolution of the fluctuations of the PQ breaking field around the zero mode for n = 3. The evolution is described by
where k is a comoving wave number of the fluctuation δρ k . The strength of the parametric resonance is expected to be estimated by the magnitude of the coefficient 5c H ρ 4 /2, in analogy with the q parameter of the Mathieu's equation. In the present case, the magnitude is of O(1). It is expected that resonance bands are not broad. Since effective wave numbers evolve in proportional to exp(N/2) [see, the 2nd term in Eq. (16)], given modes are in resonance bands at most during one oscillation. Thus the parametric resonance is considered to be ineffective. We have confirmed this by numerically solving the evolution equation. For n > 3, the friction term has a correct sign. Thus, ρ quickly relaxes to the minimum ρ 0 . The PQ symmetry is not restored. 
More on Quartic potential
Let us discuss the case with n = 2, i.e. a quartic potential in detail, including the evolution of the inflaton from the inflationary phase to the oscillatory phase. To be definite, we assume the inflaton potential around the origin,
where φ is the inflaton and m is its mass. Then the equations of motion of the inflaton and the PQ breaking field are given byφ
Here, we neglect the back reaction of the evolution of the PQ breaking field on the dynamics of the inflaton. We rewrite the equation of motion of χ to a more convenient form. For an initial condition of φ = φ 0 , the field value of χ determined by Eq. (9) is
Then the equation of motion of r ≡ χ/χ 0 is
with the initial condition r 0 = 1. One can see that the dynamics of r = χ/χ 0 does not depend on λ 4 .
In Figure 4 , we show the evolution of the PQ breaking field for m = 10 −5 M Pl , c H = 1 with the unit system where the reduced Planck scale is unity. Here, we take the initial condition φ 0 = M Pl . It can be seen that the PQ breaking field starts oscillation around the origin, which is consistent with our analytical estimation. Figure 4 : The evolution of the PQ breaking field after inflation for the quartic potential. We also show the evolution of the inflaton.
As the PQ breaking field oscillates with the quartic potential, the oscillation produces the fluctuations of the PQ breaking field by the parametric resonance effect [25] . If the oscillation lasts long, the fluctuations eventually restore the PQ symmetry and hence domain walls are formed [26, 27, 28, 29, 30] . In order to prevent the formation of domain walls, the field value of the PQ breaking field when it start oscillation, P osc , must satisfy [30] P osc < 10 4 P = 10 16 GeV × P 10 12 GeV ,
where P (= N DW f a / √ 2) is the present vacuum expectation value. In Figure 5 , we show the constraint on the axion decay constant f a and the Hubble scale during inflation H inf when the field value of the PQ breaking field during inflation P inf is as large as min(10 4 P , M Pl ). Here, we require that P inf < M Pl so that the PQ breaking field does not dominate the potential energy during inflation. For θ i = 1, the Hubble scale during inflation must be smaller than 10 12 GeV. The constraint is more stringent (H inf < 2 × 10 11 GeV) if we require that axion is dark matter. For θ i = 0.1, a larger Hubble scale is allowed due to smaller abundance of the axion. For θ i = 0.1, we also show the upper bound on the Hubble scale with P inf = min(10 × 10 4 P , M Pl ) by a dashed line. We multiply the factor of 10 to take into account a larger Hubble scale when the CMB scale exits the horizon than that at the end of the inflation by a factor of about 10 in typical large field inflation models. (Thus, this loose upper bound should not be applied to small field models.) In this case the Hubble scale close to 10 14 GeV is allowed although H inf < 10 12 GeV is necessary for axion to account for dark matter. Therefore, even if we take small θ i and adopt the loose bound, the Hubble scale during inflation should be less than 10 12 GeV when the axion is a dominant component of dark matter. 
Ω a >Ω c Figure 5 : The constraint on the axion decay constant f a and the Hubble scale during inflation H inf for the quartic potential. Here, we take P inf =min(10 4 P , M Pl ). The dashed line in the right panel shows the upper bound on H inf for P inf =min(10 × 10 4 P , M Pl ).
Let us discuss whether the beginning of the oscillation around the origin can be delayed so that P osc P inf . The reason why the PQ breaking field starts oscillation is that ρ i = ρ 0 [see Sec. 3.1] due to the rapid change of the Hubble induced mass term of the PQ breaking field after inflation. To suppress the oscillation, we introduce a coupling between the PQ breaking field and the kinetic term of the inflaton,
If d c H /3, the Hubble induced mass term varies after inflation slowly and hence we may obtain ρ i ρ 0 . We further assume that the Hubble induced mass is large, which may help the PQ breaking field to follow the point ρ 0 adiabatically [41, 42] . In Figure 6 , we show the evolution of the PQ breaking field for m = 10 −5 M Pl , c H = 16π 2 and d = c H /3. Still, the PQ breaking field starts oscillation around the origin when χ ∼ 10 −1 χ 0 . Thus, the oscillation is inevitable for a quartic potential. 
Sextet and quartic potential
As we have discussed in Sec. 3.1, the growth of fluctuations is avoided if the oscillation of the PQ breaking field after inflation is driven by a sextet potential. We assume the following potential of the PQ breaking field P ,
where m 2 P and, λ 4 and λ 6 are constants. We again assume the interaction with the inflaton in Eq. (8) . Then the PQ breaking field obtains a large field value during inflation. We assume that λ 6 is sufficiently large so that the field value of the PQ breaking field during inflation is determined by a balance between the sextet term and the Hubble induced mass as
After inflation, the PQ breaking field starts oscillation driven by the sextet term. During the oscillation by the sextet term, the parametric resonance effect is ineffective and hence the PQ symmetry is not restored. The oscillation of the PQ breaking field is eventually driven by the quartic term when it dominates over the sextet term at P = P osc-4 ,
As long as P osc-4 < 10 4 P , the PQ symmetry is not restored and hence domain walls are not formed. Therefore, this model can solve both isocurvature and domain wall problems for high scale inflation models. Before closing this subsection, let us discuss the VEV of the PQ breaking field P . If λ 4 is sufficiently small, the VEV is determined by a balance between the sextet and the quadratic terms. If not, the VEV is determined by a balance between the quartic and the quadratic terms;
In the former case, the mass of the PQ breaking field, m P , is given by P inf , P and H inf as
In the latter case, expressing λ 4 and λ 6 by P and P inf respectively, and put the constraints λ 2 4 > λ 6 m P and P osc-4 < 10 4 P , we obtain the bound on m P , 5 10 GeV × c
Embedding in supersymmetric theory
Let us discuss the embedding of our model in supersymmetric theory. We introduce three chiral multiplets P , X and Y , whose PQ charges are 1, −2 and −3, respectively. Then the superpotential of them is given by
where λ 4 and λ 6 are constants. The F terms of X and Y yield the quartic and the sextet terms of P in Eq. (24), respectively. m 2 P is provided by a soft supersymmetry breaking mass term of P . Assuming that the Hubble induced mass terms as well as soft supersymmetry breaking mass terms of X and Y are positive, they are fixed to their origin during and after inflation. Then, we obtain the potential in Eq. (24) .
It should be noted that the allowed range of the mass of the PQ breaking field in Eqs. (28) and (29) is consistent with supersymmetry breaking and its mediation by Planck-suppressed interactions. With the mediation by Planck-suppressed interactions, the fermion superpartner of axion, axino, also has mass of order m P . If is known that the axino with mass less than O(10 4 ) GeV, causes cosmological difficulties [43] . However, for m P 10 5 GeV which is allowed for large λ 4 [Eq. (29)], neither the saxion nor the axino brings about cosmological problems.
Finally, we note that soft scalar masses of ∼ 10 5 GeV fit in well with high scale supersymmetry breaking scenarios [44, 45, 46, 47, 48] . There, the observed Higgs mass of 125 GeV [49, 50] is explained by large quantum corrections from scalar tops with masses of 10 5 GeV [51, 52, 53] . Since anomaly mediation generates gaugino masses as large as 1 TeV [44, 54] (see also Refs. [55] ), the supersymmetry breaking field does not have to be a singlet field. Then the Polonyi problem [56, 57] is absent. For the gravitino mass is as large as 10 5 GeV, the gravitino decays before the Big-Bang-Nucleosynthesis begins. Thus, our model of PQ symmetry breaking, combined with high scale supersymmetry breaking scenarios, is free from cosmological problems.
Summary and discussion
In this paper, we have discussed the solution to the isocurvature perturbation problem of the PQ mechanism by a large PQ breaking scale during inflation. We have investigated the evolution of the PQ breaking field after inflation and discussed whether the PQ symmetry restores after inflation, which leads to the formation of domain walls. We have proposed a model without the restoration of the PQ symmetry. Interestingly, the predicted mass of the PQ breaking field is not very far from the electroweak scale. Thus, our model is compatible with a supersymmetric theory where the mass of the PQ breaking field is given by supersymmetry breaking.
As we have discussed in Sec. 2, the field value of the PQ breaking field must be as large as the Planck scale, if the Hubble scale during inflation is of O(10 13 ) GeV. It is known that a field which obtains a Plank scale field value by a Hubble induced mass affects the prediction of large field inflation models [58] . With this effect, the chaotic inflation model simply driven by a mass term of the inflaton is consistent with recent observations of the CMB [16] .
